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Introduction
Since the appearance of the OLAP technology 6 different proposals have been made to give support to the special necessities of this technology. In the literature we can see two different approaches. One of this is to extend the relational model to support the structures and operations typical of OLAP. The first one following this idea was proposed by Gray et al. 12 . From then on, more proposes have appeared 14 and most of the present relational systems include extension to represent datacubes and operate over them. The other approach is to develop new models using a multidimensional view of the data. Many authors proposed model in this way 1, 4, 5, 17 . In the early 70's, the necessity of flexible models and query languages to manage the ill-defined nature of information in DSS is identified 11 . Nowadays, the application of the OLAP technology to other knowledge fields (e.g. medical data) and the use of semi-structured (e.g. XML) and non-structured (e.g. plain text) sources introduce new requirements to the models. Now the systems need to manage imprecision in the data and more flexible structures to represent the analysis domain. New models have appeared to manage incomplete datacube 9 , the definition of fact using different levels in the dimensions 20 and some approaches using fuzzy logic 16, 19 . One possibility to extend and improve the hierarchies of multidimensional schemes to handle the aforementioned situations is to incorporate the knowledge of experts about that hierarchies this being usually given in a linguistic manner, but let us point out that in many cases the experts not only use fuzzy or imprecise classes in the concepts but they also express vaguely the hierarchical relations themselves.
To deal with these kind of hierarchies, in this paper we will present a model able to deals with both fuzzy classes in the concepts and fuzzy relations among them. This model extend a fuzzy multidimensional model 19 which only consider vaguely defined concept associated to the hierarchy levels. To obtain a model as general as possible three characteristics are desirable:
• The model ought to be able to consider crisp and fuzzy classes or relations at the same time in a concrete hierarchy, • The model ought to be able to handle different labels sets for concepts and classes at the same time in a concrete hierarchy. Particularly it ought to handle label sets with different granularity levels, • The management of the hierarchy ought to be efficient from a computational point of view, because otherwise the model will be unuseful.
The paper is organized as follows. In the next section we summarize the main features of the previous fuzzy multidimensional model 19 . After that we introduce our proposal for a model able to consider both fuzzy concepts and fuzzy relations. In section 4 the OLAP system that implements the model is presented. The last section is dedicated to conclusions and future work.
Fuzzy Multidimensional Model
Although there is no standard multidimensional model, we shall briefly introduce the common characteristics of the first models proposed in literature. In classical multidimensional models, we can distinguish two different types of data: on one hand, we have the facts being analyzed, and on the other, the dimensions are the context for the facts. Hierarchies may be defined in the dimensions 1, 14, 4, 5 . The different levels of the dimensions allow us to access the facts at different levels of granularity. In order to do so, classical aggregation operators are needed (maximum, minimum, average, etc.). Other models, which do not define explicit hierarchies on the dimensions, use other mechanisms to change the detail level 17, 7 . The model proposed by Gray et al.
12 uses a different approach. This model defines two extensions of the relational group by (rollup and cube) that are used to group the values during aggregation.
The models that define hierarchies normally use many-to-one relations, so one element in a level can only be grouped by a single value of each upper level in the hierarchy. This makes the final structure of a DataCube rigid and well defined in the sense that given two values of the same level in a dimension, the set of facts relating to these values have an empty intersection.
The normal operations (roll-up, drill-down, dice, slice and pivot) are defined in almost all the models. Some of these define other operations so as to provide the end user with more functionality 1, 17, 7 . In this section we briefly introduce the fuzzy multidimensional model with explicit hierarchies. A more detailed description can be found in 19 . Here we only present the main concepts needed to understand the model implemented.
Fuzzy multidimensional structure
As we have mentioned, the fuzzy multidimensional model use explicit hierarchies in the dimensions. These structures are defined using a set of levels and the relations between these that defined one or more hierarchies.
We denote level to each element l i . To identify the level l of the dimension d we will use d.l. The two special levels l ⊥ and l will be called base level and top level respectively. The partial order relation in a dimension is what gives the hierarchical relation between the levels. An example of dimension on the ages can be found in the Figure 1 . The domain of a dimension will be the set of all the values that appears in all the levels defined. 
and we call this the set of children of the level l i .
This set defines the set of all the levels which are below a certain level (l i ) in the hierarchy. Moreover, this set gives the set of levels whose values or labels are generalized by the ones included in l i . Using the same example of the dimension on the ages, the set of children in level All is H All = {Group, Legal age}. In all the dimensions which we define, for the base level, this set will always be empty (as the definition shows).
In the case of fuzzy hierarchies, an element can be related with more than one element in the upper level and the degree of this relation is in the interval [0,1]. The kinship relation defines this degree of relationship.
Definition 4. For each pair of levels l i and l j such that l j ∈ H i , we have the relation
and we call this the kinship relation.
The degree of inclusion of the elements of a level in the elements of their parent levels can be defined using this relation. If we use only the values 0 and 1 and we only allow an element to be include with degree 1 by a unique element of its parent levels, this relation represents a crisp hierarchy.
Following the example, the relation between the levels Legal age and Age is of this type. The kinship relation in this situation is Figure 2 where we present the group of ages according to linguistic labels. Furthermore, this fuzzy relation allows to define hierarchies in which there is imprecision in the relationship between elements in different levels. In this situation, the value in the interval shows the degree of confidence in the relation.
Using the relation between elements in two consecutive levels, we can define the relation between each pair of values in different levels in a dimension.
Definition 5. For each pair of levels l i and l j of the dimension d such that
where ⊗ and ⊕ are a t-norm and a t-conorm, respectively, or operators from the families MOM and MAM defined by Yager 24 , which include the t-norms and tconorms, respectively. This relation is called the extended kinship relation.
This relation gives us information about the degree of relation between two values in different levels inside the same dimension. To obtain this value, it considers all the possible paths between the elements in the hierarchy. Each one is calculate aggregating the kinship relation between elements in two consecutive levels using a t-norm. Then the final value is the aggregation of the result of each path using a t-conorm.
As an example, we will show how to calculate the value of η All,Age (All, 25) . In this situation we have two different paths. Let see each one:
• All -Legal age -Age. In the figure 3.a you can see the two ways to get to 25 from All going pass the level legal age. The result of this path is 
• All -Group -Age. This is a situation very similar to the previous one. In the figure 3.b you can see the three different paths going through the level Group. The result of this path is (
Now we have to aggregate these two values using a t-conorm to obtain the result. If we use the maximum as t-conorm and the minimum as t-norm, the result is
So the value of η All,Age (All, 25) is 1, which means that the age 25 is grouped by All in level All with grade 1.
Definition 6. We say that any pair (h, α) is a fact when h is an m-tuple on the attribute domain which we want to analyze, and α ∈ [0, 1].
The value α controls the influence of the fact in the analysis. The imprecision of the data is manage by assigning an α value representing this imprecision. When we operate with the facts, the aggregation operators have to manage this values in the calculations. The arguments for the operator can be seen as a fuzzy bag 23, 8 due to they are a set of values with a degree in the interval [0,1] than can be duplicated. The result of the aggregation has to be a fact too. So, in the fuzzy case the definition of aggregation operators is the following. Definition 7. BeenB(X) all the possible fuzzy bags defined using elements in X, P (X) the fuzzy power set of X, and D x a numeric or natural domain, we define an
When we apply an aggregation operator, we resume the information of a bag of values into an unique value. Not always is possible to undo this operations. So if we want to undo operations that reduce the level of detail in a DataCube, we need something to prevent this problem. So we define the object history that stores the aggregation states of a DataCube. Definition 8. An object of type history is the recursive structure
where
• Ω is the recursive clausure,
• G is an aggregation operator.
This structure enables detail levels of the DataCube to be stored while it is operated on so that it may be restored to a previous level of granularity. Now we can define the structure of a fuzzy DataCube. A DataCube can be considered to be the union of a set of facts (the variable to analyze) and a set of dimensions (the context of the analysis). In order to report the facts and dimensions, we need an application which, for each combination of values of the dimension, gives the fact related to these coordinates in the multidimensional space defined by the dimensions. In addition to these DataCube features, there are also the levels which establish the detail levels to which the facts are defined, and a history-type object to keep the aggregation states during the operations. The DataCube is therefore defined in the following way.
where R is the set of facts and ∅ is a special symbol, • H is an object of type history, • A is an application defined as A : l 1b × ... × l nb → F , giving the relation between the dimensions and the facts defined.
If for a = (a 1 , ..., a n ), A( a) = ∅, this means that no fact is defined for this combination of values. Normally, not all the combinations of level values have facts defined. This situation is shown by the symbol ∅ when application A is defined.
The basis of the analysis will be a DataCube defined at the most detailed level. We shall then refine the information while operating on the DataCube. This DataCube is basic. Definition 10. We say a DataCube is basic if l b = (l 1⊥ , ..., l n⊥ ) and H = Ω.
Operations
Once we have the structure of the multidimensional model, we need the operations to analyze the data in the DataCube. Over this structure we have defined the normal operations of the multidimensional model:
• Roll-up: go up in the hierarchies to reduce the detail level. In this operation we need to know the the facts related with each value in the desired level.
The set of facts is obtained using the kinship relations as follow:
Definition 11. For each value c ij belonging to l r , we have the set
Once we have the facts for each value, we have to aggregate them to obtain a new fact according to the new detail level. The influence of each fact in the aggregation will depend on the relation of the fact with the value considered and the α value assigned to the fact. So we need fuzzy operators for this process.
• Drill-down: go down in the hierarchies to increase the detail level. In this operation we use the history-type object commented. This structure stored the initial aggregation state when applying roll-up operations. So using the information stored in this structure we can get to a previous detail level.
• Dice: project over the DataCube using a condition. In this operation we have to identify the values in the dimension that satisfy the condition or that are related with a value that satisfy the condition. This relation is obtained using the kinship relation. Once we reduce the values in the dimension, we have to eliminate the facts which coordinates have been remove. • Slice: reduce the dimensionality of the DataCube. When we apply this operation we eliminate one dimension of the DataCube, so we have to adapt the granularity of the facts using a fuzzy aggregation operator.
• Pivot: change the order of the dimensions. This operations does not affect the facts, only the order of the coordinates that defined then.
The properties of the operations have been studied 19 .
User view
We have presented a structure that manages imprecision by means of fuzzy logic. We need to use aggregation operators on fuzzy bags in order to apply some of the operations presented. Most of the methods previously documented give a fuzzy set as a result. As this situation can make the result difficult to understand and use in a decision process, we propose a two-layer model: one of the layers is the structure presented in the previous section; and the other is defined on this, and its main objective is to hide the complexity of the model and provide the user with a more understandable result. In order to do so, we propose the use of a fuzzy summary operator that gives a more intuitive result but which keeps as much information as possible. Using this type of operator, we shall define the user view. Definition 12. Given a summary operator M , we define the user view of a Data-
We can define as many user views of a DataCube as the number of summary operators used. Therefore, each user can have their own user view with the most intuitive view of data according to their preferences by using a DataCube. As an example of this type of operator, we can use the one proposed by Blanco et al. 3 . This operator proposes the use of the fuzzy number that best fits, in the sense of fuzziness, the fuzzy set or fuzzy bag. We can use more simple operators as the weighted average. As an example we shall apply both operators to the fuzzy bag {1/1, 1/2, 0.9/0.5, 0.8/2.3, 0.2/0.3, 0.1/2.5}:
• Linguistic summary. Using this operator, the result is (1,2,1,0.5) which linguistic expression associated is "more or less between 1 and 2". • Weighted average. In this situation, the value shown to the user is 1.4.
As you can see, in both case the user get a more intuitive access to the results. To give a intuitive way to interpret the result is important, as shown by Codd et al. in the 11th OLAP product evaluation rule 6 . Most of the times the user will understand better a graphic than a table with the results. Present systems use charts to show the result to the decisor. In our model, to provide a graphical way, is even more important due to the fact that to interpret fuzzy values is complicate even to experts in fuzzy logic.
We propose two methods to represent fuzzy numbers in a graphical way as an user view. Both approaches are shown in Figure 4 . In Figure 4 .a the approach followed is to use a color gradient to represent the membership grade of the values. The other approach (Figure 4 .b) consists in change the width of a bar to represent the membership.
Both can be use to build charts. An example is shown in Figure 5 . This example represent fuzzy values related to crisp ones (the labels). In some situation, represent fuzzy values related to fuzzy labels can be interesting. Following the first approach we can do it. So, what we do is to aggregate the membership values in both axis, using a t-norm, and use the result to build the color gradient. Figure 6 shows an example of chart where the labels are defined using linguistic labels. 
The Linguistic DataCube
One possibility to extend and improve the hierarchies of multidimensional schemes is to incorporate the knowledge of experts about that hierarchies this being usually given in a linguistic manner, but let us point out that in many cases the experts not only use fuzzy or imprecise classes in the concepts but they also express vaguely the hierarchical relations themselves. It is obvious that considering a hierarchy with linguistic assessment is equivalent to consider the kinship and the extended kinship relations to be linguistic. In the following [0, 1] will denote the set of fuzzy numbers on the unit interval. 
Aggregation operators
To aggregate labels with different granularity levels, particularly numerical values three different alternative approaches can be found:
• To transform all labels to the finest current granularity and to operate at this level by means of the appropriated arithmetic. The main problem with this approach is that the imprecision associated to the levels with coarser granularity is reduced when these label are translated to more precise ones. In the case in which the finest current granularity level is the numerical one, to use this approach implies to associate to any label or fuzzy subset a characteristic value by means of some procedure (the gravity center of the fuzzy subset and the modal value are usual choices) and to operate with "classical" arithmetic.
• To transform all labels to the coarsest current granularity and to operate at this level by means of the suitable arithmetic. To use this approach, additional imprecision is added to the values with finer granularity. Now extended operators (by means of the Extension Principle) are to be used anyway. This complicates the design and the efficiency of the global procedures.
• To operate with the current labels by means of extended operators these being applied to combine fuzzy subsets with different granularity level (even some of them being numerical values). Like in the case before this complicates the design and the efficiency of the global procedures.
To cope with our particular problem of defining the operations, we will introduce an aggregation operator for the extended kinship relation trying to avoid the above mentioned inconveniences of former approaches. This will be an extension of the well known OWA operator by Yager 25 .
Definition 13. Let w be any weight vector n-dimensional the function OW A w :
where {σ 1 , ..., σ n } is a permutation of (a 1 , ..., a n ) such that
It is well known that OW A(a 1 , . .., a n ) is always in the between of [M in(a 1 , ..., a n ), M ax(a 1 , . .., a n )] and the relative position in this interval depend on the weight values. When (a 1 , . .., a n ) are boolean this property is equivalent to say that OW A(a 1 , . .., a n ) is in the between of [AN D(a 1 , ..., a n ), OR(a 1 , ..., a n ) ].
The function α :
measures the relative position of OW A(a 1 , . .., a n ) in the corresponding interval. If the value is near 1, then the operator performs as OR. On the other hand, if the value is near 0 then the operator used is AND.
To extend the roll-up operation we need to aggregate linguistic labels and we propose to use an extended OWA operator to do that. Two tools are needed to define a such operator: a method to order labels and the extended arithmetic operations for the underlying fuzzy numbers. Several definitions of linguistic OWA may be found in the literature 10, 18 . The following definition establishes a very general framework for Fuzzy OWA characterization. 
.., n} and is a extended addition will be called Fuzzy Ordered Weighted Average (FOWA) .
For the aggregation in the roll-up operation we will use a restricted version of the FOWA before, associated to weight vector with only two values being nonzero. Concretely we will use the OWA associated to a weight vector w such that w 1 = β, w n = 1 − β, w i = 0 i ∈ {2, ..., n − 1}, β being a value in [0, 1] . This operator will be denoted A OM β
It is not difficult to show that A OM β verifies α(w) = β and thus β allows us to define the behavior of A OM β according to our discussion before.
The linguistic DataCube
To use linguistic expressions in the hierarchical relations, the first element to modify is the kinship relation. where (a, b), η kj (c, b) ).
According to this new characterization of the extended kinship relation, the definition of facts related with a value in a dimension is also changed.
Definition 17. For any value c ij ∈ l i belonging to the domain of a dimension d the setF
will be called the set of facts related with c ij
The operations that have to be adapted are the ones that use the hierarchical relations during its application. These operations are roll-up and dice.
When we apply roll-up we have to aggregate the fact values to adapt the detail level. As we have mentioned, the influence of each fact will depend on the alpha value associated and the relation with the value in the level. We get a unique value aggregating both values and we apply a fuzzy aggregation operator that manage this value. In the case of using linguistic label we will use a defuzzification method to be able to get the unique value needed in the aggregation process. So, the definition of the roll-up operations is extended as follow. 
Dice is the other operation that has to be adapted to work with the linguistic hierarchies. If we use the new extended kinship relation, the definitions will be the next one: 
• F is the range of A.
Let us observe that in these definitions we are using β and 1 − β as dual values for aggregation. It is quite possible to substitute 1 − β by another β obtaining a valid characterization as well. The choice of β and β is a matter of design and will depend on the problem domain and the needs of the decisor.
F -Cube Factory
The fuzzy multidimensional model and the linguistic extension presented have been implemented in a OLAP system prototype. The system is completely built using Java language and it was design keeping in mind future extension for the multidimensional model. Now the software implements three DataCubes models:
• ROLAP model: the system can manage DataCubes using a relational database to store the DataCube and to obtain the data to build new DataCubes. • MOLAP crisp model: DataCubes are also stored using a purely multidimensional structure implemented in Java.
• MOLAP fuzzy/linguistic model: this model implements the fuzzy and linguistic multidimensional model presented. It uses a MOLAP way to manage the fuzzy DataCubes.
Although the system support ROLAP and MOLAP models, we think it can not be consider as an Hybrid OLAP system 22,2 (HOLAP) because of each DataCube is built using only one approach.
We can differentiate two main parts in the system: the server is the one that implements the main functionality, and the clients, which are the interface to the user to the server functionality trying to give a simple and intuitive access to the DataCube. In next section we present some details of each part of the system.
F-Cube Factory server
The server architecture is shown in Figure 7 . The most important modules in the server are these:
• DataCubes module: this module implements the three DataCube models previously mentioned. It gives a homogenous access to the multidimensional structure to the rest of the modules. One of the main functionalities is the queries. The efficiency is very important because OLAP systems have to give support for ad-hoc queries in a reasonable time. In the fuzzy DataCube this is even more important due to the fact that each query implies the aggregation of a great amount of kinship relations. To improve the efficiency the system pre-computes the extended kinship relations from each level to the basic level. This task is carried out when building the fuzzy DataCube. A DataCube is built one time meanwhile we use the same DataCube for several queries, so the time spent in aggregating the kinship relations is only taken when the user does not suffer the delay. In this module the user views for the fuzzy DataCubes are included. To add new user views to the server is very easy: you only need to extend a Java class and register in the server configuration. The calculation of a user view is only made the first time the system need the fact and stores it to be used the next times the system needs it.
• Aggregation functions module: This module interact with the previous one when we want to change the detail level, which is translated in a query. It has implemented the normal function for crisp DataCubes (max, min, sum, average and count) and fuzzy ones, using an adaptation of Rundensteiner and Bic's operators.
Definition 20.
Been R an operator defined by Rundensteiner and Bic 21 , andF a fuzzy bag over the facts. We define the operator G R as G R (F ) = (R(F ), 1), whereF = {α/h such that (h, α) ∈F }.
Adding new aggregation function is as easy as in the case of user views. • OLAM Module: The use of Data Mining methods is useful to improve the analysis processes. When we use OLAP system as support for the data, these processes are call On-line analytical mining 13 (OLAM). If we use fuzzy logic in the methods or in the DataCubes structure, it is call Fuzzy OLAM 15 .We are currently developing Fuzzy OLAM technics over the fuzzy/linguistic multidimensional model.
• Server API module: this module implement the API to access all the functionality in the server. This is the access point for the clients.
F-Cube Factory client
The main objectives of the client are:
• The client has to be light enough to be use in a normal personal computer.
• And the most important is that it has to implement an intuitive access to the server functionality.
The client is web based, so the user only need to access to a web site using a normal web browser. Figure 8 shows the aspect of the user interface. The user only has to select the option needed to access to a DataCube without needing to know any specific DML or DDL language.
The resulted DataCubes of queries are shown to the user using tables ( Figure 9 ) and charts ( Figure 5 was built using this functionality) for all type of DataCubes.
Conclusions and Future Work
The use of experts' knowledge may improve the analysis possibilities when using DataCubes. In many cases the knowledge will be given in a linguistic manner. The multidimensional model has to be able to manage concepts and relations between these using this linguistic data. In this paper we have presented an extension of a multidimensional model to use linguistic labels in the hierarchical relations. This extension implies the definition of a new aggregation operator based on Yager's OWA to obtain a completely functional DataCube model. An OLAP system prototype implementing the fuzzy multidimensional model and the linguistic extension is presented too.
The next step is to study data mining techniques on the fuzzy/linguistic multidimensional model proposed to improve the analysis possibilities and implement then in the system presented.
